Yasutaka Nakanishi asked in 1981 whether a 3-move is an unknotting operation. In Kirby's problem list, this question is called The Montesinos-Nakanishi 3-move conjecture. We define the nth Burnside group of a link and use the 3rd Burnside group to answer Nakanishi's question.
Fig. 1
Conjecture 1 (Montesinos-Nakanishi, Kirby's problem list; Problem 1.59(1), [Kir] ) Any link can be reduced to a trivial link by a sequence of 3-moves.
The conjecture has been proved to be valid for several classes of links: by Y.Nakanishi for links up to 10 crossings and Montesinos links, by J.Przytycki for links up to 11 crossings, Conway's algebraic links and closed 3-braids, by Q.Chen for links up to 12 crossings, closed 4-braids and closed 5-braids with the exception of the class ofγ -the square of the center of the fifth braid group (γ = (σ 1 σ 2 σ 3 σ4) 10 ), by Przytycki and T.Tsukamoto for 3-algebraic links (including 3-bridge links), and Tsukamoto for (4, 5)-algebraic links (including 4-bridge links), [Kir, Chen, Pr-Tsu, Tsu] .
Nakanishi presented in 1994, an example which he couldn't reduce by 3-moves: the 2-parallel of the Borromean rings (L 2BR ). 
where T n is a trivial link of n components, it could have been reduced to T 5 (resp. T 6 ).
We show below that neitherγ nor L 2BR can be reduced by 3-moves to trivial links. The tool we use is a non-abelian version of Fox n-colorings, which we shall call the nth Burnside group of a link, B L (n).
Definition 3 The nth Burnside group of a link is the quotient of the fundamental group of the double branched cover of S 3 with the link as the branch set divided by all relations of the form
Proof: In the proof we use the core group interpretation of k where y i corresponds to the overcrossing and y j , y k correspond to the undercrossings at v s (see Fig. 2 ). In this presentation of Π (2) L one relation can be dropped since it is a consequence of others. Wada proved, [Wa] (see for an elementary proof using only Wirtinger presentation) that Π (2) Lemma 5 Bγ(3) = {x 1 , x 2 , x 3 , x 4 | a 3 f or any word a, P 1 , P 2 , P 3 , P 4 }, where
Proof: Consider the 5-braid γ = (σ 1 σ 2 σ 3 σ 4 ) 10 (Fig. 3) . If we label initial arcs of the braid by x 1 , x 2 , x 3 , x 4 and x 5 , and use core relations (progressing from left to right) we obtain labels Q 1 , Q 2 , Q 3 , Q 4 and Q 5 on the final arcs of the braid where
For a group Π
γ , of the closed braidγ, we have relations
γ ) we can put x 5 = 1, and delete one relation, say Q 5 x −1 5 . These lead to the presentation of Bγ (3) As shown by Burnside [Bu] , B(n, 3) is a finite group. Its order, |B(n, 3)|, is equal to 3 , 3) . In order to prove thatγ and L 2BR are not 3-move reducible to trivial links, it suffices to show that Bγ(3) = B(4, 3) and B L 2BR (3) = B(5, 3) (see Remark 2). We have demonstrated these to be true both by using the programs GAP, Magnus and Magma, and independently by manual computation as well. More details in the case ofγ are provided below.
To show that Bγ(3) = B(4, 3) consider any presentation of B(4, 3) (e.g. Magma solution by Mike Newman [New] ) and add the relations P i to the presentation to obtain a presentation of Bγ(3). Using any of the algebra programs mentioned above, one verifies that |Bγ(3)| = 3 10 while |B(4, 3)| = 3 14 .
For the manual calculations, one first observes that for any i, P i is in the third term of the lower central series of B(4, 3). In particular, for u = x 1 x 
. It now takes an easy linear algebra calculation to show that P 1 , P 2 , P 3 , P 4 form another basis of the third term of the lower central series of B(4, 3). Thus |Bγ(3)| = 3 10 .
A similar calculation establishes that
The solution of the Nakanishi-Montesinos 3-move conjecture, presented above, is the first instance of application of Burnside groups of links. The next step is the application of Burnside groups to rational moves on links. In the sequel paper we solve, in particular, Kawauchi's link-homotopy 4-move conjecture ( [Kir] , Problem 1.59(3)(b)) and the conjecture by Harikae and Nakanishi about (2, 2)-moves ( [Kir] , Problem 1.59(6)). Our solution was motivated by the analysis of cubic skein modules of 3-manifolds. In turn, the use of Burnside groups should have deep implications to the theory of skein modules .
